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ABSTRACT Recent observations indicate that it is possible to form tethers from large phospholipid vesicles. The
process of tether formation is analyzed using a continuum mechanical approach to obtain the surface viscosity of the
bilayer in terms of experimentally measurable parameters. The membrane is treated as a two-dimensional isotropic
material which deforms at constant area. The constitutive equation relates the maximum surface shear resultant to the
rate of deformation via the surface viscosity coefficient. The force which acts to increase the tether length is generated
by fluid moving past the vesicle. The magnitude of the force is estimated from Stokes’s drag equation. The analysis
predicts that there is a critical force necessary to produce an increase in the tether length. A dimensionless tether
growth parameter is defined, and its value is obtained as a function of the ratio of the applied force on the vesicle to the
critical force. This relationship is independent of both the size of the vesicle and the radius of the tether. Knowing the
force on the vesicle, the critical force, and the rate of tether growth, the surface viscosity can be calculated.

INTRODUCTION

Biological membranes behave as two-dimensional materi-
als. Strictly speaking, they can be considered as continuous
only in the two dimensions of the surface, with a molecular
character in the direction normal to the surface. The
erythrocyte membrane has served as a model system for
the study of such materials, and the continuum mechani-
cal properties of erythrocyte membrane have been charac-
terized. (See Evans and Skalak, 1980, for a thorough
review.) The application of material science to other types
of membrane has been slow, largely because of the exis-
tence of cytoplasmic structures in most cells which, at best,
complicate the mechanical analysis and, at worst, domi-
nate the behavior of the cell in deformation. The mechani-
cal behavior of any membrane reflects the composite
properties of the membrane constituents. Therefore, an
alternative approach to the study of membrane mechanics
is to study the properties of reconstituted membrane
components to ascertain the contribution of each constitu-
ent. The phospholipid bilayer is a major constituent of
virtually all biological membranes, and it is with the
bilayer that the study of membrane components logically
begins.

Recently, it has been observed that large multilamellar
phospholipid bilayer vesicles can become attached to glass
surfaces and form tethers between the point of attachment
and the body of the vesicle (E. Evans and R. Kwok,
University of British Columbia, personal communication).
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Similar tethers have been observed when erythrocytes
attached to glass surfaces were subjected to fluid shear
stress (Hochmuth et al., 1973). Subsequent analysis of
erythrocyte tether formation by Evans and Hochmuth
(1976) led to the determination of the plastic viscosity
coefficient for erythrocyte membrane. The observation of
tether formation from vesicles prompted the hope that
analysis of this process might lead to a new approach to
the measurement of the viscosity of a phospholipid bilayer.
It was with this end in mind that this analysis was
undertaken.

ANALYSIS

Description of the Problem

A vesicle forming a tether of radius, r, is illustrated
schematically in Fig. 1. The tether radius in the figure is
exaggerated; for the purposes of analysis it is assumed to
be much smaller than the size of the vesicle. The origin of
the cylindrical coordinate system, (r,¢,2), is fixed at the
center of the vesicle. The dimension, R,, is the maximum
value of the coordinate, r. The surface coordinate, s,
represents the distance along a meridian in the surface
from the plane z = 0. The angle, 8, is the angle between the
surface tangent and the z-axis. Fluid moving past the
vesicle exerts a drag force, F, on the vesicle in the
z-direction. The pressure inside the vesicle, P, is greater
than the pressure outside the vesicle, P,, and the differ-
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Schematic of a vesicle forming a tether, showing major
dimensions and coordinates. The origin of the cylindrical coordinate
system (7, ¢, z) is at the center of the vesicle. The maximum radial
dimension is R,, and the tether radius is r,. The distance along a meridian
in the surface is s, and the angle between the surface tangent and the
z-axis is 9.

FIGURE 1

ence, AP = P, — P,, is assumed to be constant. Material in
the tether is drawn from the body of the vesicle. The
velocity of the material relative to the origin, v, is a
function of the radial position, r. The radius of the tether is
assumed to be constant over its length, and the material
velocity in the tether is uniform. No assumptions are made
about the shape of the vesicle surface, except that it is
axisymmetric about the z-axis.

The force resultants in the surface are called tensions
and have units of dynes per centimeter. The principal
tensions are T,, and T, the former acting in the direction
of the surface coordinate, s, and the latter acting perpen-
dicular to 7,,. Two equations that describe the balance of
forces in the system can be applied. The first is a tangen-
tial force balance in the meridional direction (Evans and
Skalak, 1980, Eq. 3.5.9):

dT,,
r—=+

dr
& (T, — T¢)a+r‘r=0. )

The second is a balance of forces in the z-direction:

T,.(2xr cos 6) — [Fj:r (7 cos 6 + p sin 8) (2wr)dr]
— AP(xr?) = 0. (2)

Acceleration terms are neglected. The quantities, 7 and p,
represent the tangential and normal stresses exerted on the
surface by the moving fluid (i.e., in excess of the external
pressure, P,). The integral in Eq. 2 evaluated over the
entire surface of the vesicle is equal to the total force on
the vesicle, F. The contribution from these terms is small
in the region where the membrane dissipation is impor-
tant, and they can be neglected without significantly
affecting the results of the analysis (see Appendix).
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Neglecting these terms and keeping only the total drag, F,
Egs. 1 and 2 become:

dT,
__m T — =
r dr + ( m T'p) 01 (3)
and
2ar T, cos 0 = F + ar*AP. 4)

The surface behaves like a two-dimensional liquid. It
resists changes in area elastically, and has a very low
compressibility (Kwok and Evans, 1981). For the magni-
tude of the force resultants in these experiments the area
can be considered constant. Unlike erythrocyte mem-
brane, the bilayer has no shear rigidity. When force
resultants in the surface are not isotropic, the surface
deforms with a rate of deformation that is proportional to
the shear resultant in the surface:

T,=2nV., (5)

Eq. 5 defines the surface viscosity coefficient, 3. The
maximum shear resultant in the surface is 7, and the
maximum rate of shear deformation is V. In terms of the
principal tensions,

1
T, = —2-(T,,, — T,). (6)

For an incompressible surface, the rate of deformation can
be written in terms of the velocity of a material point in the
surface (Evans and Skalak, 1980, section 2.5):

do,

V.
* ds

, Q)
where v, is the velocity of the material in the meridional
direction. The force balance equations (Eqgs. 3 and 4), the
constitutive equation (Eq. 5), and the equation of
continuity for a flowing surface (Eq. 14) are the basis for
the analysis.

Static Equilibrium

Let us first consider the case where the membrane is in
static equilibrium. The rate of deformation of the surface
is zero, which means that the maximum shear resultant
must also be zero (Eq. 5). Eq. 3 becomes:

dr,

& 0. 8)

An expression for the tension, T, in terms of the force,
F, and the pressure, AP, is obtained from Eq. 4. Incorpo-
rating this result in Eq. 8, we find:

d( F APr)=0' ©)

dr \2xrcos 6 + 2cos 0§
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For the boundary condition, we observe that at the rim
of the vesicle (r=R,), the cosine must be one (cos 8 = 1.0).
Applying this condition to Eq. 9 we obtain a relationship
between 8 and r which describes the contour of the surface
between the point of attachment and the rim of the vesicle
in static equilibrium:

r + F/arAP

R, + F/zRAP’ (10)

cos 0 =
This expression is approximate because the integral terms
in Eq. 2 have been neglected. It is most accurate in the
region near the tether (r = r,) because the integral terms
are smallest there (see Appendix). Observe that when F is
zero, Eq. 10 reduces to the spherical case, cos § = r/R,.
Also observe that Eq. 10 places limits on the magnitude of
the force F. Because cos 6 < 1.0,

F<mAPr R, (11

where 7, is the minimum value of 7, or the radius of the
tether. For values of the force greater than that in Eq. 11,
static equilibrium cannot exist, and the surface must flow.
Therefore, we define the critical force,

F,=xAPr.R,. (12)

This is the force at which the tether begins to grow.

Growth of a Tether of Fixed Radius

The differential equation describing the contour of the
flowing surface is obtained by combining the constitutive
relationship (Eq. 5) with the tangential force balance (Eq.
3):

dT,
r—= 449V, =0.

dr (13)

The continuity equation for an incompressible, axisym-
metric flowing surface can be written (Evans and Skalak,
1980, p. 43):

%(rum) =0.

(14)
Recalling the expression for the rate of deformation, V, in
terms of the material velocity, v,,,, (Eq. 7) and applying the
continuity equation (Eq. 14) we can obtain the following
expression for V:

V, = ”—r"‘ sin 0, (15)
where the equality, dr/ds = —sin 6, has been applied. The
material velocity, v, is related to the velocity of the vesicle

relative to the attachment point, »,, which is an experi-
mentally observable quantity. The velocity of the vesicle

(v,) must be equal to the material velocity (relative to the
center of the vesicle) at the point, 7 = r;

(16)

Applying the continuity condition (Eq. 14) we can relate
the vesicle velocity to the material velocity at any position:

Uy = z}m(rt)'

Ve = v (F) (5) (17)
r
Using this relationship in Eq. 15 we find
sin 4
V, = ro, = (18)

Introducing the axial force balance (Eq. 4) for T, and Eq.
18 for V,, we can write the differential equation for the
surface (Eq. 13) as:

AL
dr |2nrcos 8 + 2cos 8

AP in 6
! +411r,vv%=0.

(19)

This expression can be simplified by making the follow-
ing substitutions and definitions:

F=r/r

y=1/cosf
F, = wAPrR, (20)
G = 8xn0,/F,

A=R./r,

Using these expressions and some algebraic manipula-
tions, we can write Eq. 19 as:

dy y (F/Fe—P/N)

dF ~ 7 (F/F, + F*/)\)

G W -nw

T@EERmy o Y

This is the equation from which the functional depen-
dence of the tether growth parameter, G, on the force
ratio, F/F,, is established. If all of the parameters (F/F,,
G, and \) are specified, a single boundary condition is
sufficient to specify the solution to the equation. By
specifying an additional boundary condition, a functional
relationship is generated among the three parameters. The
boundary conditions are that the angle, 8, be zero at the
tether and at the rim of the vesicle, i.e.,

(22a)
and
y=1atF=X\ (22b)

The solution is obtained numerically using a fourth-
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TABLE 1
G AS A FUNCTION OF F/F,, TETHER RADIUS
CONSTANT
F/F, A=10 50 500 5,000
1.0 0.00 0.00 0.00 0.00
1.1 0.32 0.31 031 0.31
1.3 1.01 0.97 0.97 0.97
1.5 1.76 1.69 1.68 1.68
1.7 2.57 2.46 245 2.45
20 3.92 3.74 3.72 3.72
2.5 6.54 6.16 6.13 6.13
3.0 9.72 9.02 8.97 8.96
4.0 18.2 16.1 16.0 16.0
5.0 30.2 253 25.0 25.0

order Runge Kutta routine. For given values of F/F, and
A, the value of G is found which satisfies both boundary
conditions simultaneously. When the quantity, A, is >50,
the functional dependence of G on F/F, is insensitive to
the value chosen for A (Table I). The relationship between
G and F/F, is shown graphically in Fig. 2. For values of
F/F,>3.0, the value of G is very nearly equal to the square
of F/F,.

When the force, F, is less than the critical force, F,, two
solutions exist which satisfy Eq. 21. However, the static
solution (Eq. 10) cannot satisfy the two boundary condi-
tions simultaneously except when F = F,. Both conditions
can be satisfied, however, if we allow material velocities to
be negative, that is, the tether to flow back into the body of
the vesicle. Tether resorption, in fact, is observed experi-
mentally.

Tether Radius Dependent on Axial Force

One of the assumptions underlying the analysis so far is
that the tether radius, r,, is independent of the applied
axial force, F. Recent work by Hochmuth and Evans
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FIGURE 2 Graphic representation of the dimensionless tether growth
parameter, G, as a function of the force ratio F/F,, assuming the radius
of the tether is a constant. The dotted line is the curve G = (F/F,)%. The
function approaches this curve for F/F, = 3.0.
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(Duke University, personal communication) indicates that
for erythrocyte membrane the tether radius is a function of
the axial load. Therefore, it is important to consider what
effect such a functional relationship might have on the
present analysis. Experimental results are not yet suffi-
cient to prescribe a functional relationship between force
and radius. A theoretical derivation is difficult because the
membrane cannot be treated as a two-dimensional mate-
rial since the radius of curvature approaches the thickness
of the membrane. Mechanical analysis of the deformation
of a thick-walled cylinder of anisotropic material will be
required to obtain a proper solution. Such an analysis is
beyond the scope of the present work. However, to see
what effect a force-dependent tether radius would have on
the present analysis, the following inverse relationship will
be used: ~

1
F =const - —. (23)

rl

This relationship is at least qualitatively consistent with
what is known and what might be supposed about how the
tether responds to an axial force. The radius decreases as
the axial force increases. Furthermore, as the radius
becomes very small, the force becomes very large, so that
an infinite force would be required to make the radius
zero.

Let us consider how this relationship affects the form of
Eq. 21, from which the relationship between force and
tether growth rate is obtained. Given a value of the force
F, and the actual values for F,and A, Eq. 21 can be used to
find the corresponding value of G. Recall that F,, repre-
sents the following product (Eq. 20): F, = = AP r, R,,
where r, is the tether radius when the axial force is F. If the
tether radius is a function of the axial force, this quantity
(F,) is not equal to the force at which tether growth is
observed to stop, since the observed force of zero tether
growth, F.°, occurs at a different tether radius. According

to Eq. 12,

Fo=mAPPR,, 24)
where r° is the tether radius when the tether growth rate is
zero. F,and F.° are related by the ratio of the two tether
radii:

FJ[F = /P (25)
If the force and the tether radius are inversely related (Eq.
23), the ratio of the two tether radii will be inversely
related to the ratio of the applied force to the force when
tether growth is zero, F/F,°. We define the quantity

Q = F/F = rr. (26)

F, is related to F,’ by the factor Q,
Fy = F3/Q. X))
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TABLE 11
DEPENDENCE OF G°%(Q) ON x> AND THE FLUID FORCES

Fluid forces included
500 5,000 10 50

Fluid forces neglected
500 5,000

Q MN=10 50

1.0 000 000 000 000 000 000 000 0.00
1.1 056 061 060 060 062 060 060 0.60
1.3 185 186 186 186 192 186 186 186
1.5 323 326 326 326 335 326 326 3.26
1.7 483 489 489 489 505 490 489 489
20 783 803 800 800 833 802 800 8.00
25 150 157 156 156 166 157 156 156

30 255 270 270 270 292 272 270 270

We would like to express the parameters of the equation of
the surface (Eq. 21) in terms of observable quantities,
namely F,°. We make the following definitions:

G° = 8’;’%”“ (282)
N =R, /=)0 (28b)
Substituting these quantities in Eq. 21 we have:
dy_y @-P/ON G0 (-1
¢ 7 Q*+F/ON Q*+F/ON yF
The boundary conditions are
y=1at?F=1 (30a)
and
y=1 at F=Q\. (30b)

The method of solution is the same as that used for Eq.
21. For a given value of Q, the value of G° is found that
satisfies both boundary conditions. As in the case where 7,
was assumed constant, the value obtained for G° was
insensitive to the value of A\° for values of \° >50 (Table
II). The functional relationship between Q and G° is shown
in Fig. 3. In this case the value of G° is very close to @ for
values of Q >1.5.

DISCUSSION

So far, no consideration has been given to possible
constraints on the problem owing to the availability of
surface area for incorporation into the tether or changes in
the volume of the vesicle which might accompany tether
formation. If the vesicle is perfectly spherical and if the
surface area is constant, the volume of the vesicle must
decrease as the surface is incorporated into the tether.
Initially it was thought that this might be accomplished by
movement of water across the membrane. However, a
simple calculation shows that the driving force is not large
enough to move water out of the vesicle at a sufficient
rate.
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FIGURE 3 Graphic representation of the dimensionless tether growth
parameter, G°, as a function of the force ratio Q. The radius of the tether
is assumed to be inversely proportional to the axial force, F. The dotted
line represents the curve, G° = (°. The function approaches this curve for
values of Q >1.5.

Consider the example of a spherical vesicle of radius, R,
= 10.0 um, forming a tether of radius, r, = 10.0 nm. For
the sake of simplicity we will assume that the volume of
the tether is negligible. Suppose that the length of the
tether is 100 um. The area of the tether is

A =2xrl =6 x10%cm? (31a)
The area of the vesicle is
A, =4xR?*= 12 x 10~%cm?. (31b)

Thus, the area required to form the tether is only ~0.5% of
the area of the vesicle. For a sphere, a 0.5% decrease in
surface area requires a 0.75% decrease in volume. The
volume of the vesicle is

V,=4/3zR}=4 x 107° cm’. (32)

Therefore, the volume of water that must be moved out of
the vesicle to form the tether (AV,) is 3 x 107" cm’.

The flux of water through the membrane is the volume
of water crossing the membrane per unit area per unit
time:

_1av
A, At

(33)

Tether growth rates on the order of 33.0 um/s are
commonly observed (Waugh, 1982). At this rate it would
take ~3 s to form a tether 100/um in length (Af = 3.0's).
The flux of water out of the vesicle in our example would
have to be

J=10"%cm/s.

Let us estimate the permeability of the surface that
would be necessary for such a flux to occur under the
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conditions of the experiment. The relationship between the
flux and the permeability is (Fettiplace and Haydon,
1980):

P, m ° -Vw

J = AP,
R, T

(34)

where P, is the permeability of the membrane, V, is the
partial molar volume of water (18 cm’/mol), R, is the gas
constant (8.31 x 107 erg/mol °K), T is absolute tempera-
ture (300° K), and AP is the hydrostatic pressure differ-
ence across the membrane. We can estimate AP from the
force at static equilibrium via Eq. 12. Measurements of F,
indicate that its magnitude is ~10~¢ dyn. Using the values
for r, and R, in our example we calculate AP via Eq. 12:

AP = 300 dyn/cm’.

Using this value in Eq. 34 we can calculate the permeabil-
ity necessary to form a tether from a spherical vesicle at a
rate of 33.0 um/s:

P,=4.1cm/s.

This is three to four orders of magnitude larger than
permeabilities that have been measured for egg-phosphati-
dylcholine bilayers (Fettiplace and Haydon, 1980). Clear-
ly, if it were necessary to move water across the membrane
to form tethers, tether growth rates such as have been
observed (Waugh, 1982) could not occur. We can only
conclude that when large tether growth rates are observed,
the vesicles must be nonspherical, and there must be
enough excess area to form the tether without decreasing
the volume of the vesicle. It should be emphasized that the
deviation from a spherical geometry need not be large,
since, as we have shown, the amount of material in the
tether is a small fraction of the total surface of the vesicle.

To assess the applicability of this analysis it is necessary
to evaluate the assumptions that have been made. The
important assumptions in the analysis are as follows:

(a) The surface behaves like a two-dimensional “New-
tonian” liquid, as described in Eq. 5; the viscosity coeffi-
cient is independent of the rate of deformation.

(b) The area of the surface is constant.

(¢) The dissipation in the surface is large compared
with the dissipation in the adjacent fluid generated by the
moving surface.

(d) The force exerted on the vesicle by the moving fluid
can be calculated by Stokes’s law.

(e) The fluid shear stress on the surface can be
neglected in the tangential force balance (Eq. 1).

(f) The pressure difference across the vesicle surface is
uniform and constant.

(g) The radius of the tether is inversely proportional to
the axial force.

It is clear from observation that the behavior of a lipid
bilayer is liquidlike; that is, it has no shear rigidity in the
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plane of the surface. We have chosen the simplest type of
two-dimensional liquid for the analysis, namely one for
which the surface viscosity coefficient is independent of
the rate of deformation. There is support for this choice in
the data of Poskanzer and Goodrich (1975) which demon-
strates the Newtonian character of stearic acid mono-
layers. However, the viscosity they measure for those
films is two to three orders of magnitude larger than the
viscosity estimated for lipid bilayers (Evans and Hoch-
muth, 1978), so it is not clear that their evidence is
relevant. In any case, until there is evidence of a more
complex relationship between the surface shear resultant
and the rate of deformation, the simplest case will be
assumed.

The low compressibility of the lipid bilayer has been
demonstrated by the experiments of Kwok and Evans
(1981), who have measured an area compressibility
modulus of ~140 dyn/cm. From this data we can estimate
the fractional area change in tether experiments. The
magnitude of the forces needed to form a tether is on the
order of 107'-107® dyn. The magnitude of the pressure,
AP, can be estimated from Eq. 12, and the tension in the
membrane can be calculated from Eq. 4. For a tether
radius of 107°~107% c¢m, the tension in the membrane is on
the order of 0.1 dyn/cm. The isotropic tension is assumed
to be of the same order of magnitude as the meridional
tension, T,,. Using the measured value of the compressibil-
ity modulus, K, and the constitutive equation for area
expansion (Evans and Skalak, 1980) we estimate the
fractional change in area:

AA T,

— = —2=0.001. 35
T (35)

Thus, the change in surface area is negligibly small.

To evaluate the validity of assumption (¢) consider a
tether formed from a vesicle in a fluid-filled tube. The
radius of the tube is Ry. The fluid in the tube is motionless
except for motion produced by the moving surface. To
estimate the energy dissipation in the fluid, we consider
the case of a cylinder of radius, a, being pulled through the
center of a cylinder of radius, Ry. The energy dissipation
per unit length, /, is approximately:

E_f 27 (v )?

1~ In(R;/a)’ (36)

where u is the viscosity of the fluid and (z,,) is an average
membrane velocity. The quantity, (v}, is estimated by
integrating the surface velocity over a spherical meridian
fromr=R, tor=r;:

S on)ds  aifr\. (R,
(vm) ==———=—\g|m(>). G
fds T v ’t
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The quantity L is the rate of tether growth. The dissipation
in the membrane is approximately equal to the dissipation
in a surface flowing over a spherical contour from r=R, to
r=r;:

. R v .

E,=4n f nV2irds = 2myl> (38)
For assumption (c) to be correct, the ratio of the fluid
dissipation to the membrane dissipation must be small.
Taking the dimension, a, to be on the order of r; the radius
of the tube to be ~20 times larger than the radius of the

vesicle; and the length, /, to be on the order of R,, we can
write:

Ef 5#"3

E =R, < (39)

Typical values for these parameters are u=10"2 poise,
r=10"-10"° c¢m, and R,=10"® cm. For values of the
surface viscosity as low as 2.0 x 1077 surface poise, this
condition will be satisfied.

Stokes’s law for calculating the drag on a sphere is valid
only for the case of creeping flow, that is, when the
Reynolds number, Re, is <0.1. In this experiment,

2pR, v
u ’

Re (40)
where p is the density of the suspending fluid. The maxi-
mum fluid velocity, v, is <107% cm/s, the radius of the
vesicle is ~10~* cm, the fluid density is ~1.0 g/cm? and the
viscosity is ~1072 dyn s/cm’. Therefore, Re < 1073, and
the condition of creeping flow is easily satisified. Undoubt-
edly, there will be some inaccuracy in using Stokes’s
equation because of disturbances in the flow due to the
presence of the tether, the pipette to which the tether is
attached, and the walls of the tube within which the
experiment is performed. The drag on a sphere at the
center of a tube is given by Happel and Brenner (1965) as,

F = 6muRvK, 41)

where

1 =2/3() — 016288 + - . .
KT 210463 + 2osssp + - 42

and, { = R,/Ry. To first order, K can be written:

K=1.0+ 1.438 ¢ + 0(?). (43)

For these experiments { =~ 0.04, indicating that the correc-
tion would be <6%. The effect of the presence of the
pipette and tether is more difficult to assess, although
intuitively it seems that the drag ought to be reduced by
the presence of these disturbances. Attempts to measure
the drag force directly have produced inconsistent results,

but the measured value has always been greater than what
is predicted by the Stokes’s drag. It appears that whatever
effects there are from the tether and the pipette, they are
not large enough to be measured. Therefore, Stokes’s
equation is the best available estimate of the force on the
vesicle, and must be used until a better analysis or better
measurements become available.

The validity of assumption (e) is supported by an order
of magnitude analysis (Appendix). An alternative
approach is to solve the problem numerically including the
extra terms. The integral term in Eq. 2 makes exact
solution extremely difficult since the relationship between
r and @ is not known a priori. Assuming that the contour of
the surface is approximately spherical, the equations for
creeping flow around a sphere can be used to obtain an
estimate of the integral terms. The tangential shear stress,
7, and the normal stress, p, for creeping flow around a
sphere are given by Bird et al. (1960, pp. 58-59):

3uv
T=3 ‘;vr cos § (44a)
3o .
p= IR, sin 4. (44b)
Using Stokes’s law for the total force on the vesicle,
F = 6muR v, (45)

the following equation of the surface can be obtained:

dy = (/PR - Y) — F2/ON°)

d7
—{G°0(y* — 1)'/* [y - Z|
Q1 - Xy + #/oNt (46)
where,
X=1/2{1 — [1 — F/O\)]"?} (47a)
dx
Y=X- "E
=172{1 = [1 = #/QN°)’] 72} (47b)
Z=1/2F\)2(y* = 1)7'2 (47¢)

The quantities X and Y arise from the integral term of Eq.
2. The remaining term, Z, comes from the inclusion of the
tangential shear stress in Eq. 1. Eq. 46 is subject to the
same boundary conditions as before (Eq. 30), and the
procedure for obtaining the dependence of G° on Q is also
the same. The results are shown in Table 11. The relation-
ship between @ and G° is not significantly altered by the
inclusion of these additional terms.

Assumption ( f) is difficult to verify because of uncer-
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tainty about the origin of the trans-membrane pressure.
The existence of a stress normal to the surface is confirmed
from two observations: first, the approximately spherical
geometry of the vesicle, and second, the existence of a
nonzero drag force at which the vesicle is stationary. It is
possible that the pressure could change as a result of
material being pulled from the vesicle surface as the tether
grows. This can be checked experimentally by measuring
the critical force as a function of tether length. Thus,
assumption () must be re-examined in light of experi-
mental results.

Assumption (g) was introduced to account for the
possibility that the tether radius may be a function of the
axial force on the tether. Unfortunately the experimental
results at this time are not sufficient to establish the
precise nature of the functional relationship. It may be
necessary to replace the constant in Eq. 23 with some
function of the radius: F = f{r) - 1/r. There are many
forms that f(r) might take, but two extreme cases might
be imagined. The first is that the relationship between F
and r, is insensitive to the magnitude of the tether radius.
In this case f{r) would be constant, and the appropriate
solution for the tether growth rate would be the one shown
in Fig. 3. The second case is that the force-radius relation-
ship is a strong function of the radius. Such a situation
would arise if the tether radius were limited by the packing
constraints of the molecules as the radius became very
small. In this case f{r,) could be approximated by a step
function at some minimum value of r,, and the assumption
that the tether radius is constant would be more appropri-
ate (Fig. 2). Thus, the two solutions presented (Fig. 2 and
Fig. 3) bracket the likely behavior of a tether under an
axial load. The data presented in a companion paper
(Waugh, 1982) seem to favor the solution shown in Fig. 3.
This indicates that a minimum tether radius has not been
reached in these experiments, and that the tether radius
decreases as the axial force increases.

CONCLUSIONS

A relationship has been derived by which the intrinsic
surface viscosity, 5, can be calculated from observable
quantities in vesicle tether growth experiments. The rate of
tether growth is measured as a function of the velocity of
the suspending fluid. The force on the vesicle is approxi-
mated by Stokes’s drag equation. The ratio of the force on
the vesicle to the critical force is used to determine the
dimensionless tether growth parameter via the functional
relationship illustrated in Fig. 3. Knowing the tether
growth parameter, the tether growth rate, and the critical
force, the viscosity can be calculated from the definition of
the tether growth parameter.

APPENDIX

We present here an order of magnitude analysis to show that the fluid
shear forces in Egs. 1 and 2 can be neglected without affecting the results
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of the analysis. The equation of the surface including these terms is given
by Eq. 46:

Y GmIea - ) - PleN]
.
—{G°Q(y* — 1)'?*}yP — Z}
Q1 - x) + P/oxt (AD)

The local fluid forces are contained in the terms X, Y, and Z, which are
defined in Eq. 47. For the purposes of estimating the effect of these
terms, the stress expressions for creeping flow around a sphere (Eq. 44a
and b) have been used. The origins of the other terms in the equation are
as follows:

Q' (y/?) (from tether reaction force, F.) (A2)
/oM (from the pressure difference, AP.)  (A3)
G°Q(y* — 1)'2/yF* (from the (T,, — T,) termin Eq. 1;  (A4)

viscous dissipation in the surface.)

For the purpose of estimating the various terms, it is useful to put the
equation in the following form:

where
den = Q*(1 — X) + ?2/Q>\° (A6)
F, = reaction force = Q*(1 — y*)'*/y (A7)
F, = pressure force = #(y* — 1)'2/Q\°y (A8)
F, = surface dissipation = QG°(y* — 1)/#y’ (A9)
F, = local shear stress = #/2(X°)%)* (A10)
F; = integral of fluid tractions = Q*Y(y* — 1)'/?/y

= QM1 — [1 = (F/ONY) WY — 1)) 2y. (ALD)

We wish to estimate the relative magnitudes of these terms in various
regions of the deforming surface. In making the estimates we will assume
that G° and @ are on the order of one, O(1), and that X° is the only large
parameter. We consider three regions of the surface:

. #=0()
. 7=0(VA%)
L. F=0Q°).

In addition to 7, we will also need to know the magnitude of the quantity
y. From the initial and final boundary conditions we know that in regions
I'and III, y = O(1). Because in region I, dy/dr is also on the order of 1, in
region [1 we must let y = O(7) = O( \/F).

All that remains is to evaluate the magnitude of each of the terms in
each region.
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Regionl. 7 =0(1), y = O(1)
F. =0(1)
F,=0(1/X°)
F, = 0Q)

F, = O(1/X%)

F; = O(1/2%)

den = @*
RegionII. 7 = O( V%), y = O(YX°)

F,=0(1)
F,=0(1)

F, = O(1/X%)
F, = O(1/A%)
Fr=0(1/X°)

den = Q® + #/ON\°

Region III. 7 = O(\°), y = O(1)
F,=0(1)
F,= 0\
F, = 0(1/x%
F,=-0()
F; = 0O(1)

den = 7/Q\°

In region I (near the tether) the axial force, F, and the viscous
dissipation in the surface dominate the equation. In region II the axial
force and the pressure force are important, and in region III only the
pressure force is large. In all regions the fluid tractions (F; and F,) can be
neglected, and the denominator can be written: den Q% + 7/QN°. Thus,
all of the terms, X, Y, and Z, arising from the integral in Eq. 2 and the
surface traction, 77, in Eq. 1 can be neglected in all of the regions.
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